We present a systematic comparison of doubly charged Higgs boson production mechanisms at hadron colliders in the context of the Type II Seesaw model, emphasizing the importance of the higher-order corrections and subdominant channels. We consider the Drell-Yan channel at nextto-leading order in QCD, production via photon fusion at the leading order, gluon fusion with resummation of the threshold logarithms up to next-to-next-to-next-to-leading logarithmic accuracy, and same-sign weak boson fusion at next-to-leading order in QCD. For the Drell-Yan process, we study the impact of a static jet veto at next-to-leading-order matched to the resummation of jet veto scale logarithms at next-to-next-to-leading logarithmic accuracy. For the photon fusion channel, the dependence on modeling photon parton distribution functions is definitively assessed. To model vector boson fusion at next-to-leading order, we include all interfering topologies at O(α 4 ) and propose a method for introducing generator-level cuts within the MC@NLO formalism. Our results are obtained using a Monte Carlo tool chain linking the FeynRules, NloCT and Mad-Graph5 aMC@NLO programs and have necessitated the development of new, publicly available, Universal FeynRules Output libraries that encode the interactions between the Type II Seesaw scalars and the Standard Model particles. Libraries are compatible with both the normal and inverted ordering of the Majorana neutrino masses.
I. INTRODUCTION
The Type II Seesaw mechanism hypothesizes extending the Standard Model of particle physics (SM) by a single scalar multiplet∆ in the (1, 3) 1 representation its SU (3) c × SU (2) L × U (1) Y gauge symmetry [1] [2] [3] [4] [5] . In doing so, it is arguably the simplest known way to account for the smallness of the neutrino masses and all neutrino oscillation data in a renormalizable and gauge invariant manner, without hypothesizing the existence of righthanded neutrinos as in the Type I Seesaw paradigm [2, [6] [7] [8] [9] [10] [11] , SU (2) L triplet fermions as in the Type III Seesaw case [12] , or new symmetries as in, for example, loop-level and gauge-extended neutrino mass models [13, 14] .
In contrast to Type I or III scenarios which explain neutrino masses through an admixture of Dirac and right-handed Majorana masses, the Type II Seesaw mechanism dynamically generates left-handed Majorana neutrino masses through Yukawa couplings between the SM leptonic doublet and the scalar triplet∆. After the breaking of the electroweak (EW) symmetry, mixing with the SM Higgs sector arises and the degrees of freedom are organized into two electrically-neutral CPeven (h, ∆ 0 ), one electrically-neutral CP -odd state (χ 0 ), * fuks@lpthe.jussieu.fr † miha.nemevsek@ijs.si ‡ richard.ruiz@uclouvain.be one singly charged state (∆ ± ), and one doubly charged state (∆ ±± ), with the ∆ and χ fields being dominated by their triplet component. The strength of the interactions of the ∆ scalars with the SM charged leptons are then proportional to the neutrino Yukawa coupling, and hence the neutrino oscillation parameters. This connection is perhaps the most appealing aspect of the Type II Seesaw model as it directly relates the neutrino oscillation data with possible collider signals [15] [16] [17] [18] [19] .
The production of triplet Higgs bosons at hadron colliders has been studied in numerous renown works including, for example, Refs. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , as well as in more recent investigations [30] [31] [32] [33] [34] [35] . For comprehensive reviews, we refer to Refs. [14, 36] . Current experimental searches by both the ATLAS and CMS collaborations report 95% confidence level (CL) exclusion limits on triplet scalar masses up to about 400 GeV in multileptonic channels [37, 38] and about 200 GeV in bosonic channels [39] , assuming a degenerate mass spectrum.
Notably, most these works extract their sensitivity or exclusion limits from leading-order (LO) descriptions matched with parton showers, and consider ∆ ±± ∆ ± associated production or ∆ ++ ∆ −− pair production via the charged current (CC) and neutral current (NC) Drell-Yan (DY) mechanisms i.e., quark-antiquark annihilation. The reported results however generally include a normalization of the total production cross section at next-toleading order (NLO) in QCD. As shown in Figs. 1(a) and arXiv:1912.08975v1 [hep-ph] 19 Dec 2019
Born-level, diagrammatic representation of doubly charged (∆ ±± ), singly charged (∆ ± ), and neutrally charged (∆ 0 ) scalar production in the Type II Seesaw, through the (a) neutral current Drell-Yan, (b) charged current Drell-Yan, (c) gluon fusion, (d) photon fusion, (e) W fusion, and (f) electroweak boson fusion mechanisms. Diagrams are drawn with JaxoDraw [40] .
(b), these processes respectively read at the Born level
for quark q ∈ {u, c, d, s}. While NLO normalizations for Eq. (1.2) at the 14 TeV LHC have been known for some time [23] , fully differential predictions are only publicly available from the LO Monte Carlo (MC) event generators 1 Pythia [22, 42, 43] and CalcHEP [44, 45] . Even after matching events to parton showers, such descriptions model the associated hadronic activity to at most the leading logarithmic (LL) accuracy [46] . Consequently, studies and searches for Type II scalars using these tools are blind to significant, qualitative differences in jet activity between triplet scalar signal events and the leading background processes, and therefore cannot reliably exploit selection cuts that discriminate accordingly, e.g., jet vetoes. This is noteworthy as recent investigations show that event-based jet vetoes can substantially increase the discovery prospects of anomalous multileptonic events [47] [48] [49] . Beyond this limitation, no publicly available event generator describes loop-induced production and decay modes of triplet scalars. This includes ∆ ++ ∆ −− pair production through gluon fusion (GF),
as shown in Fig. 1(c) . Assuming that the EW quantum numbers of the doubly charged scalars ∆ ±± (and singly charged scalar ∆ ± ) can be determined through their potential discovery in the DY production mode, Eq. 1.3 and the gg → ∆ + ∆ − analogue process offer direct probes of their couplings to the SM Higgs [50] .
The situation is only slightly better for modeling triplet Higgs production through electroweak boson fusion processes at pp colliders using public MC tools. Computations relevant for 2 → 2 photon fusion (AF) processes, such as the one illustrated at the Born level in Fig. 1(d) ,
can be achieved with CalcHEP. However, extensions to more exclusive (in the jet multiplicity) processes are computationally prohibitive. For Pythia the situation is also bleak. In particular, ∆ ±± ∆ 0 jj associated production and ∆ ++ ∆ −− jj pair production through EW vector boson fusion (VBF), as shown representatively in Figs. 1(e) and (f), VBF [associated]: q 1 q 2 → ∆ ±± ∆ 0 q 1 q 2 (1.5) VBF [pair]: q 1 q 2 → ∆ ++ ∆ −− q 1 q 2 (1.6) cannot be simulated as their matrix elements are not hard-coded into the event generator. More specifically, only ∆ ±± jj single production in the context of the Left-Right Symmetric Model is possible.
In light of these impediments to studying the canonical Type II Seesaw model, we revisit the modeling of triplet Higgs boson production at current and proposed [51] [52] [53] [54] [55] hadron collider facilities. Though our work holds for all mass eigenstates arising from the scalar triplet field∆, for conciseness, we limit our investigation to the pair and associated production of the doubly charged scalar ∆ ±± . In particular, we consider for the first time a systematic comparison of all the production mechanisms described in Eqs. 1.2-1.5. For quark-initiated processes, we include QCD corrections up to NLO; for gluon-initiated processes, soft gluon threshold logarithms are resummed up to next-to-next-to-next-leading logarithmic accuracy (N 3 LL). For the VBF-associated process in Eq. 1.5, we propose a way to introduce generator-level cuts within the MC@NLO [56] formalism to enrich the VBF contribution over all O(α 4 ) contributions. For the AF channel, we investigate the dependence on modeling photon parton distribution functions (PDFs), which we assert are responsible for renewed claims [57] [58] [59] and (correct) counter-claims [14, 32] of the mechanism dominance. We also present jet veto predictions for the DY modes, up to NLO and matched to jet veto resummation at nextto-next-to-leading logarithm (NNLL). To facilitate this work, we report the development of the TypeIISeesaw UFO libraries, a new, publicly 2 available UFO [60] containing relevant QCD ultraviolet (UV) counterterms and R 2 rational terms that enable automated computations of tree-induced processes up to NLO plus parton showers (NLO+PS) in QCD and loop-induced processes up to LO+PS using the precision MC event generator MadGraph5 aMC@NLO (MG5aMC) [61] .
The remainder of this work is outlined in the following manner: In Sec. II we describe the main features of canonical Type II Seesaw model, present experimental constraints, and introduce the TypeIISeesaw UFO libraries. In Sec. III, we describe our computational setup and benchmark input parameters. Our main results are reported in Sec. IV, and we conclude in Sec. V. Additional technical details are reported in the appendices.
II. THE CANONICAL TYPE II SEESAW
In this section, we introduce the canonical Type II Seesaw model and the development of the publicly available TypeIISeesaw UFO libraries. In conjunction with state-of-the-art MC event generators, these UFO libraries allow for the simulation of tree-induced collider processes up to NLO in QCD with parton shower (PS) and loopinduced processes at the LO+PS.
II.1. The Type II Seesaw Model
To generate neutrino masses, the Type II Seesaw postulates extending the SM field content by one complex scalar multiplet∆, which lies in the adjoint representation of the weak group, and has hypercharge Y∆ = 1. The scalar sector of the theory is thus defined by two gauge-eigenstates,∆ and the SM Higgs doublet ϕ,
The corresponding Lagrangian includes, in addition to the SM Lagrangian (L SM ), gauge-invariant kinetic terms, Yukawa couplings (L Y∆ ) for the scalar multiplet∆, and extra contributions to the scalar potential (V ∆ ),
The electroweak covariant derivative acting on the triplet field∆ (for which we use a matrix representation) reads,
In our notation, g (g ) and W µ (B µ ) consist of the usual weak (hypercharge) gauge coupling and boson respectively, and the σ matrices denote the Pauli matrices. The full scalar potential V = V H + V ∆ (where V H stands for the SM Higgs potential) is written as
(2.4)
Here the dot denotes the SU (2)-invariant product of two objects lying in its (anti-)fundamental representation. Finally, the triplet Yukawa Lagrangian is given by
where flavor indices are omitted for clarity and L denotes the SM left-handed weak lepton doublet. After breaking EW symmetry to electromagnetism, the neutral components of the two scalar fields get nonvanishing vacuum expectation values (vevs) v and v ∆ , 6) and the degrees of freedom carrying the same electric charges mix. The two, complex neutral fields ϕ 0 and ∆ 0 mix into two massive CP -even states h and ∆ 0 , one massive CP -odd state χ, and one Goldstone boson G 0 that is absorbed by the Z boson. Expressing ϕ 0 and∆ 0 in terms of their real degrees of freedom,
the mixing relations read
8)
where the h − ∆ 0 mixing angle ξ is defined by
Flavor composition of the ∆ ++ → i j decay channel branching rates (Br) with v∆ = 10 −7 GeV, as a function of the lightest neutrino mass mν min , for both normal (NH, darker) and inverted (IH, lighter) hierarchy. The mixing angles in the PMNS matrix and ∆m 2 are fixed by oscillation data [62] and Majorana phases are varied over the range [0, 2π).
Moreover, the two charged states ϕ ± and∆ ± mix into a massive physical charged Higgs boson ∆ ± and a Goldstone boson G ± that is absorbed by the W boson,
This notation reflects the hierarchy v ∆ v originating from strong constraints on multiple contributions to EW symmetry breaking [28, [63] [64] [65] [66] . This implies that the ∆ fields are mostly of a triplet nature, and that the h field and the Goldstone bosons mostly align with the SM doublet. As the doubly charged gauge state∆ ±± is aligned with its mass state ∆ ±± , we henceforth use the latter notion for consistency.
The Higgs sector is thus defined by nine parameters: seven couplings appearing in the scalar potential of Eq. 2.4 and the two vacuum expectation values of the neutral scalar fields. This leads to seven independent free parameters after accounting for the minimization of the scalar potential, which we choose to be
This trades four couplings for the masses of the SM Higgs boson m h , the neutral CP -even triplet m ∆ 0 , the singly charged (m ∆ ± ) triplet state, and the doubly charged (m ∆ ±± ) state. Relations linking the parameters of the theory to these seven inputs are provided in appendix A.
The upshot of having most of the tree-level triplet masses (except for χ) as inputs is to facilitate parameter scanning with physically meaningful inputs. However, only one "large" mass splitting is allowed by the sum rule in Eq. A10. The sum rule being approximate, the model includes departures of the order O(v 2 ∆ ). Thus care must be taken when choosing the input masses to avoid non-perturbative λ couplings or an unstable vacuum. This can be done by defining the model file with exact tree-level mixings and keeping m ∆ 0 computed internally while controlling λ ∆2 as an external parameter. 3 After shifting the neutral scalar fields relatively to their vevs, the new physics contributions to the Yukawa interactions and fermionic mass terms are given by 
Here m diag ν is diagonal and its entries are the three physical neutrino masses m ν1 , m ν2 and m ν3 . The Yukawa matrix hence reads
Adopting a normal hierarchy (NH) for the neutrino mass order, i.e., m ν1 < m ν2 < m ν3 , we express all the free parameters of the neutrino sector in terms of the neutrino oscillation parameters and the mass of the lightest neutrino m ν1 : Here the θ ij (with i, j = 1, 2, 3) stand for the three neutrino mixing angles, ϕ CP for the Dirac CP -violating phase, and ϕ 1 and ϕ 2 for the two Majorana phases. We take as inputs the neutrino squared mass-differences in the NH, ∆m 2 31 > 0 and ∆m 2 21 > 0, defined by
In the case of inverted hierarchy (IH), the third neutrino m ν3 is the lightest, i.e., that m ν3 < m ν1 < m ν2 , and we use it to set the neutrino mass scale. The list of input parameters in Eq. 2.15 is then replaced by mν 2 , ∆m 2 21 , ∆m 2 32 , θ12, θ13, θ23, ϕCP , ϕ1, ϕ2 , (2.17) so that ∆m 2 21 > 0, ∆m 2 32 < 0, and
(2.18)
The neutrino mass matrix Y ∆ is largely fixed by the global fit of oscillation data [62] , apart from the smallest neutrino mass m νmin , which is set by m ν1 (m ν3 ) in NH (IH) scenario, and the two Majorana phases. These are not fixed by current (lepton number conserving) oscillation data, but do affect the leptonic decay modes of ∆ ++ [15] [16] [17] . Specifically, the decay rate to a pair of charged leptons is given by 19) and the resulting branching rates, for v ∆ = 10 −7 GeV, are shown in Fig. 2 . We use the central values of the neutrino oscillation data as reported in Ref. [62] , including the hint for the non-zero Dirac phase. The spread in branching rates comes exclusively from the unknown Majorana phases. While the production cross section does not depend on the flavor structure of Y ∆ the distribution of events among the six flavor final states in Fig. 2 may have a significant impact on the search strategy and on the limit derived from the experimental searches. In any case, the dependence on neutrino data is implemented in the model file and can be controlled externally by the user.
II.2. The TypeIISeesaw UFO Libraries
To simulate the hadronic production of Type II scalars up to NLO+PS, we implement the model presented in section II.1 into FeynRules 2.3.35 [67] , and generate a UFO model [60] suitable for such calculations within the MadGraph5 aMC@NLO framework [61] . In the following, we focus on the case of a NH for neutrino masses, so that Eq. 2.15 is used to define the neutrino sector. In appendix B, we provide details for the use of the TypeI-ISeesaw libraries assuming the IH for neutrino masses.
To build the TypeIISeesaw UFO, we start with the implementation of the SM shipped with FeynRules, and modify the definition of the physical neutrino states to align them with the mass basis. The definition of the lepton doublets is also modified such that its upper component in the flavor basis can be decomposed into the neutrino mass basis using the PMNS mixing. We add to the SM scalar sector the definition of the triplet field∆, as well as the those for the physical states χ, ∆ 0 , ∆ ± , and Parameter FR name LH block Counter
PhiM2 PMNS 6 TABLE III. External parameters defining the scalar sector of the model (first two panels) and the neutrino sector in the context of a normal neutrino mass hierarchy (last two panels), so that mν 1 < mν 2 < mν 3 , ∆m 2 31 > 0 and ∆m 2 21 > 0. Each parameter is given together with the symbol employed in the FeynRules (FR) implementation (and therefore the corresponding UFO libraries) and the Les Houches (LH) block and counter information allowing to change its numerical value when a Monte Carlo event generator is used. ∆ ±± . We tune the components' definitions of the gauge eigenstates ϕ and∆ according to Eqs. 2.8 and 2.10. The properties of these fields and information on their Feyn-Rules implementation are collected in Tables I and II for the gauge and mass eigenstates respectively.
The free parameters associated with our implementation, as given by Eqs. 2.11 and 2.15, are presented in Table III , together with information on their name and the Les Houches data block [68] . The relations relating those external parameters to all the other parameters of the model can be found in appendix A.
We then jointly use FeynRules with MoGRe (version 1.1) [69] , NloCT (version 1.0.1) [70] and Fey-nArts (version 3.9) [71] to renormalize the bare Lagrangian introduced in the previous section with respect to O(α s ) QCD interactions. This in allows one to extract UV counterterms and so-called R 2 Feynman rules that are needed for numerical evaluation of one-loop integrals in four dimensions. Together with a description of treelevel interactions, those counterterms are included into a UFO model that can be used by the MG5aMC MC event generator for LO and NLO calculations in QCD, as well as by the Herwig++ [72] and Sherpa [73] programs for LO calculations.
Our model files are publicly available, both for the NH and IH neutrino mass hierarchy, from the FeynRules database feynrules.irmp.ucl.ac.be/wiki/TypeIISeesaw.
III. COMPUTATIONAL SETUP
We now summarize the computational setup used to obtain our numerical results. After describing our MC tool chain, we list the model inputs considered for our out-of-the-box computations using TypeIISeesaw.
III.1. Monte Carlo Tool Chain
In conjunction with MG5aMC (version 2.6.6) [61] , the TypeIISeesaw UFO allows us to simulate treeinduced processes involving SM and Type II Seesaw particles up to NLO+PS and loop-induced processes involving these states up to LO+PS. This is possible through the MC@NLO formalism [56] and the packages Mad-Loop [74, 75] and MadFKS [76] [77] [78] as implemented in MG5aMC.
For threshold-resummed and jet veto-resummed computations, we employ Soft-Collinear Effective Field Theory (SCET) [79] [80] [81] in momentum space [82] . N 3 LL threshold corrections to the GF process, which capture the leading corrections to the total normalization up to next-to-next-to-leading order (NNLO) in QCD [83] , are obtained following Refs. [82, [84] [85] [86] . Cross sections with a static jet veto at NLO in QCD with jet veto resummation matching at NNLL are computed using the automated MadGraph5 aMC@NLO+SCET libraries developed in Refs. [61, 87] .
III.2. Standard Model Inputs
In the following numerical computations, we assume n f = 5 flavors of massless quarks, approximate the Cabbibo-Kobayashi-Masakawa (CKM) matrix to be diagonal with unit entries, and take as the SM inputs
For fixed-order computations, we use the NLO MMHT15qed set of parton densities (lhaid=26000) [88] while when matching to a resummed result, we use the NNLO MMHT15qed set (lhaid=26300). Both sets take α s (M Z ) = 0.118 and use the LUXqed formalism to describe the matching between elastic and inelastic photon PDFs [89, 90] . Scale evolution for PDFs and α s (µ r ) are extracted using the LHAPDF (version 6.2.1) libraries [91] . For the DY, AF, and VBF processes, we set the reference collinear factorization (µ f ) and QCD renormalization (µ r ) scales dynamically to half the scalar sum of transverse energies (E T ) of all final-state objects (dynamical scale choice=3 in MG5aMC),
For the GF channel at LO, we choose as a central scale the invariant mass of the (∆ ++ ∆ −− ) system. This follows the recommendations of Refs. [86, 92, 93] , which investigated scale choices in heavy exotic lepton production via analogous mechanisms. As a conventional measure of theoretical uncertainty in cross section normalizations, we vary the parameter ζ in Eq. 3.2 discretely over the range ζ ∈ [0.5, 1.0, 2.0] to obtain a nine-point uncertainty band. For the DY jet veto and GF threshold resummation computations, scale are set and uncertainties are determined according to Refs. [87] and [86] .
III.3. Type II Seesaw Inputs
In this study, we aim to to explore the stability of our production modeling prescriptions across a broad range of scalar mass and collider scales. Hence for conciseness, we consider the mass-degenerate limit, where
and scan over a range of m ∆ . In addition, we tune our free Type II parameters to
and keep the remaining inputs at their default values. We execute an on-the-fly parameter scan with MG5aMC using the following steering commands set mdpp scan1:range (100, 1950, 50) set mdp scan1:range (100, 1950, 50) set md0 scan1:range(100,1950,50) set lamHD1 1.0 set lamD1 1.0 set vevD 1e-8
The first three lines enforce the equality of all the masses in Eq. 3.3 when they are varied in δm ∆ = 50 GeV increments over the range
IV. DOUBLY CHARGED HIGGS BOSON PRODUCTION AT HADRON COLLIDERS
We now present our modeling prescriptions for the production of doubly charged Higgs bosons (∆ ±± ) at hadron colliders through various mechanisms, and compare their relative importance at the √ s = 14 TeV LHC and a hypothetical √ s = 100 TeV Very Large Hadron Collider (VLHC). Explicitly, we consider in Sec. IV.1 the charged current and neutral current DY processes given in Eqs. 1.1 and 1.2, and shown in Figs. 1(a) and (b). For the DY channels, we give special attention to jet veto cross sections assuming a static jet veto. In Sec. IV.2, we turn to the AF channel as shown in Fig.1(d) and given in Eq. 1.4, and investigate various sources of cross section uncertainties, particularly those stemming from the photon PDF modeling. In Sec. IV.3, we consider the GF mechanism shown in Fig.1 (c) and given in Eq. 1.3. Finally, we investigate the EW production of ∆ ±± ∆ 0 jj in Sec. IV.4. For this channel, we introduce a procedure for imposing generator-level VBF cuts at NLO within the MG5aMC formalism, and use the label "VBF NLO" to distinguish it from more inclusive collider signatures.
The main results of this section are summarized in Fig. 3 . In the upper panel of both subfigures, we present, as a function of the degenerate triplet mass defined in Eq. 3.3 and for a center-of-mass energy of √ s = 14 TeV (a) and 100 TeV (b), the inclusive production cross section of the DY currents at NLO, the AF mechanism at LO, and the GF channel at N 3 LL, and the ∆ ±± ∆ 0 jj process with VBF cuts at NLO. In the lower panel of the subfigures, we report the corresponding QCD K-factor
defined with respect to LO cross sections σ LO obtained by convoluting LO matrix elements with NLO PDFs 4 . For all curves in Fig. 3 , the band thickness corresponds to the residual scale uncertainty. For representative triplet masses, we report the same information in Table IV. Throughout this section, we detail our usage of the TypeIISeesaw libraries within MG5aMC, including the syntax needed to readily reproduce our results.
IV.1. Triplet Scalars from Drell-Yan Annihilation
As a baseline process for our work and comparison to past work, we start with triplet scalar production via the DY quark-antiquark annihilation mechanism. In our framework, ∆ ±± ∆ ∓ associated production via the CC DY process and ∆ ++ ∆ −− pair production via the NC DY process can be modeled up to NLO in QCD via the respective MG5aMC commands 5 :
import model TypeII_NLO_UFO define p = g u c d s u~c~d~s4
This choice can lead to LO predictions that are systematically lower by O(10% − 20%) than those obtained by considering LO PDFs, due to differences in the PDF normalizations. 5 For a more complete description of the software suite MG5aMC, its underlying construction, and its usage, see Ref. [61] . The first line in the above syntax imports the TypeI-ISeesaw UFO library into MG5aMC, and the three subsequent lines defines multiparticle objects to streamline our setup. Here, we exclude photons a from the multiparticle definition of a proton p. The two generate commands, together with the associated [QCD] flag, allows for the generation of the tree-level and loop-level helicity amplitude routines describing the DY processes at O(α 2 ) and O(α 2 α s ). This moreover includes automatically the O(α s ) subtraction terms needed for parton shower-matching within the MC@NLO formalism.
As a function of triplet masses (m ∆ ), we present in At LO, we successfully reproduce the Tevatron and LHC cross sections predictions for the DY channels as reported in Ref. [23, 25] . At NLO, we report agreement with the well-known calculation of Ref. [23] . As a further check also have also computed the NC DY process at NLO using the phase space slicing method [94] , as implemented in Ref. [92] . We find good agreement across all three NLO computations. We briefly remark that the O(100) zb cross sections at √ s = 100 TeV are incredibly tiny. However, the proposed integrated luminosity goals for such potential machines are of L = 30 − 50 −1 ab [51] [52] [53] [54] [55] , indicating that O(3 − 5) triplet pairs with masses of O(10) TeV could be produced in such a collider.
IV.1.1. Triplet Scalar Production with Jet Vetoes at NLO+NNLL
Following signifiant improvements in modeling soft jet activity in both color-singlet and QCD processes, the use of jet vetoes in direct searches for new phenomena is becoming increasingly standard at the LHC, as shown, for example, in Refs. [47] [48] [49] [95] [96] [97] . With the TypeI-ISeesaw libraries it is possible to predict jet veto cross sections for triplet scalars up to NLO+NNLL(veto) using the MadGraph5 aMC@NLO-SCET formalism of Refs. [87, 98, 99] .
While a systematic study of soft QCD activity in triplet scalar production at the LHC is beyond the scope of this work, we nevertheless briefly explore the impact of (static) jet vetoes in the CC and NC DY processes. For the charged current process, we do so explicitly by steering MG5aMC using the following commands, The procedure here differs from other cross section evaluation in this study in a few aspects. First, in order to avoid any potential O(α 2 s ) double counting, we match the NLO and NLO+NNLL(veto) computations to the MMHT2015 QED NNLO PDF set (lhaid=26300). Second, we define jets using the anti-k T algorithm [100], a radius parameter R = 0.4, and a variable transverse momentum (p T ) threshold spanning p Veto T = 5 − 250 GeV. This serves as the threshold above which jets are vetoed (see Ref. [87] for details). No rapidity cut on jets is imposed here as the NNLL(veto) computation is only singly differential in p T and hence is inclusive over the observable [87] . An independent study by Ref. [101] shows that this is a reasonable approximation for jet veto windows that extend out to η max ∼ 4.5. For jet vetoes limited to η max 2.5, the computation grows more sensitive to higher order QCD radiation [101] .
In Fig. 4 , we present, as a function of the jet veto p T threshold p Veto T , the jet veto efficiency defined by GeV. For significantly larger m ∆ , we observe only small decreases in signal efficiencies and comparable uncertainties relative to m ∆ = 550 GeV. For m ∆ = 150 (550) GeV, we find that ε NLO+NNLL surpasses the 80% threshold only for p Veto T 50 (75) GeV. Taken together, we see that typical [102] experimental jet veto thresholds of p Veto T = 20 − 40 GeV, reduce triplet production cross sections severely and potentially discourage their use. However, we note that the criteria needed to employ a socalled dynamic (or event-based) jet veto [47] [48] [49] , which can significantly improve jet veto efficiencies and background rejection rates, appear to be satisfied. Investigations into dynamic jet vetoes in triplet scalar searches is left to future work. Lastly, while we use R = 0.4, previous studies report that larger (small) choices of R can decrease (increase) perturbative QCD uncertainties but at the potential cost of increase the impact of nonperturbative uncertainties [47, 48, 96, [103] [104] [105] [106] .
IV.2. Triplet Scalar Pairs from Photon Fusion
Due to its large electromagnetic charge, the production of ∆ ++ ∆ −− pairs in γγ scattering, as shown in Fig. 1(d) and given in Eq. 1.4, has long been discussed in the literature as a means to test the Type II Seesaw mechanism. Disagreements about the relative importance of the photon fusion (AF) channel, however, have also appeared regularly due to the evolution of modeling prescriptions of initial-state photons, and hence photon PDFs. While the dominance of the DY channels over the AF process was thought to have been settled by Ref. [25] , recent claims to the contrary [57] [58] [59] have reignited the issue. In recent years, though, schemes to systematically combine the elastic and inelastic components of the photon PDF in the proton [89, 90, 107, 108] and their subsequence implementation into state-of-theart PDF sets [88, 90, 109, 110] , have drastically reduced the uncertainty in photon PDF modeling. As a result, we are in a position to definitively address the relative importance of the AF fusion channel at hadron colliders.
To As described in Sec. III.2, we use the MMHT+LUXqed NLO PDF set. We explore the AF channel by first presenting in Fig. 3 We report that the AF cross section is much smaller than the NC DY channel. Over the m ∆ mass range we consider, the rate differs at √ s = 14 (100) TeV by
As the DY NLO K-factors reach only values of K NLO ≈ 1.2 − 1.3, for the considered m ∆ values (see Sec. IV.1), the absence of AF-dominance cannot be attributed to our inclusion NLO corrections. To further investigate the claims of Ref. [57] [58] [59] , we consider the uncertainties associated with our photon PDF choice.
IV.2.1. Photon PDF Uncertainties
We explore differences in photon PDF modeling by considering those available from NN3.1+LUXqed NLO (lhaid=324900) [110] and CT14 QED NLO (lhaid=13400) [109] . Whereas the MMHT and NN3.1 sets use the LUXqed formalism [89, 90] to describe the elastic component of the γ density in the proton, CT14 uses the well-established Equivalent Photon Approximation (EPA) [111] . Notably, the CT14 global fit does not identify a non-zero, inelastic photon momentum fraction (p γ in their model) at µ f = 1.295 GeV, i.e., the evolution scale at which the inelastic photon PDF starts. Instead, only an upper limit of p γ < 0.14% at 90% CL is set [109] . Subsequently, as our reference CT14 PDF, we take the default member PDF, which assumes p γ = 0%.
Beyond the above state-of-the-art photon PDFs, we also consider the NN2.3 NLO QED set (lhaid=244600) [112] and MRST 2004 NLO QED (lhaid=20463) [113] . While both sets omit an explicit description of the elastic component of the photon density in the proton, they are still widely used 6 . For all of the above photon PDFs, the inelastic component is renormalization-group-evolved using mixed QCD-QED DGLAP evolution, and assumes current masses for QED radiation off quarks. For completeness, we also consider the EPA elastic photon PDF itself. This can be called within MG5aMC at runtime using the commands, set lpp1 2 set lpp2 2
To determine the scale dependence on the AF production cross sections, we compute the three-point µ f variation as described in Sec. III.2 for all photon PDFs. The exception is the EPA elastic PDF, where we conservatively assign a flat +1% −2% uncertainty. This corresponds to the full uncertainty envelope extracted in Ref. [108] .
To determine the PDF modeling uncertainty, we use the standard replica method for the MMHT+LUXqed, NN3.1+LUXqed, and NN2.3 PDF sets. For CT14, we follow Ref. [109] and consider the envelope spanned by assuming inelastic photon momentum fractions p γ = 0% and p γ = 0.14%. Similarly, for MRST, we follow Ref. [113] and use the envelope spanned by assuming current quark masses (default member PDF MRST2004qed proton 0000.dat) and constituent quark masses (MRST2004qed proton 0001.dat) We do not assign a modeling uncertainty for the EPA as it takes wellmeasured input parameters such as the proton mass, and therefore exhibits only a small input variation [111] .
In the upper panels of Fig. 5 , we depict, as a function of the triplet mass m ∆ , the total ∆ ++ ∆ −− production cross section [fb] from AF at √ s = 14 TeV, assuming various photon PDFs and estimating the uncertainties from (a) µ f -scale dependence and (b) photon PDF modeling. We also show ∆ ++ ∆ −− production rate via the NC DY process at NLO with µ f variation (no PDF variation). In the lower panels, we present the ratio of the AF cross 6 In principle, the NNPDF inclusive methodology can account for the existence of the elastic component of the photon density [112] .
section relative to the reference rate as obtained when using the central MMHT+LUXqed photon density. Starting with the two LUXqed-based computations, we find remarkable agreement of the total normalization and small uncertainties across the entire mass range. We find at most a 1%-2% difference in total normalization at low-to-intermediate masses, with NN3.1+LUXqed being smaller. This closeness is attributed to the smallness of the LUXqed uncertainty itself [89, 90] . For CT14, we find that taking p γ = 0% leads to cross sections that are consistently 20%-30% smaller across the entire mass range, with larger differences appearing at higher masses. At lower masses, the CT14, MMHT+LUXqed, and NN3.1+LUXqed scale bands overlap. The worsening disagreement at higher masses is consistent with the p γ = 0% hypothesis. The corresponding initial-state photons most likely originate from QED radiation off valence quarks, so that setting p γ = 0% suppresses such contributions to the scattering rates and therefore yield smaller predictions. The MMHT+LUXqed uncertainty band sits centrally within the CT14 p γ = 0−0.14% band. Explicit checks find that taking p γ = 0.05% − 0.06% reproduces the rates obtained with MMHT+LUXqed. Similar agreement between CT14 and LUXqed-based photon PDFs has been reported elsewhere [114] .
Turning to the MRST photon PDF, we find that the central member PDF set predicts ∆ ++ ∆ −− production rates that are about a factor of 1.3−2.2 times larger than our reference set. At the same time though, the MRST curve exhibits a comparable scale uncertainty. Despite its larger normalization, the MRST result remains below the DY rate for the triplet masses that we consider. We find that the MRST photon PDF uncertainty captures completely the MMHT+LUXqed, NN3.1+LUXqed, and CT14 predictions as well as their respective PDF uncertainties. The current (constituent) mass-hypothesis for logarithmic evolution as used in the default (second) member of the MRST photon PDF overestimates (underestimates) the photon density in the proton. An exact agreement though is not to be expected because both neglect the elastic component of the proton's photon PDF. It follows then that the prescription of averaging the two results, as suggested 7 by Ref. [113] , provides a reliable estimate of three aforementioned photon PDFs.
We now consider the ∆ ++ ∆ −− rate obtained using the NN2.3 photon PDF. First, we find that the NN2.3 rate surpasses the NC DY rate at m ∆ ∼ 900 GeV and sits above the default MRST rate, and thereby reproduce the findings of Refs. [57] [58] [59] . While the scale uncertainty is also comparable to the other photon PDFs with inelastic components, we find that for m ∆ > 250 GeV, the NN2.3 prediction exceeds the reference rate by a factor of 1. PDF modeling uncertainty, which shows that the NN2.3 uncertainty is unbounded from below. As reported by the NNPDF collaboration itself [112] , the NN2.3 photon PDF uncertainty exceeds 100% due to the lack of available data feeding into the PDF fit. This is larger than the few-to-20% uncertainty quoted in Ref. [57] , which apply to the quark and antiquark PDFs, and ultimately leads to an unreliable estimation of the γγ luminosity.
The AF rate obtained from the EPA itself, and hence only the elastic component of the proton's photon density, sits at about 10%-13% of our reference result. This indicates that the inelastic component is the driving factor behind the ∆ ++ ∆ −− production rate, which is consistent with similar investigations [108] . Interestingly, we find that taking the sum of MRST constituent-mass rate and the EPA rate can largely reproduce the rate obtained with the CT14 p γ = 0% set. Omitting the semi-elastic EPA-MRST contribution, we find that the EPA+MRST(constituent) rate sits about 22%-0% below the p γ = 0% rate over the entire m ∆ range.
IV.2.2. Summary and Recommendations
In summary, we find that, in principle, all photon PDFs including an inelastic components studied here give consistent predictions for the AF process. However, this is undercut by the fact that the default and/or recommended central member PDFs are not always representative of central values of now-accepted photon PDFs. For future computations, we recommend using MMHT+LUXqed, NN3.1+LUXqed, or CT14 QED with p γ = 0.05% − 0.06%. Summing the EPA and MRST constituent-mass rates is a possible option, but perhaps unnecessary due to more modern options.
We moreover note that when the above procedure is matched to parton showers that supports QED and photon PDF evolution, such as Pythia 8 8 , then initial-state photons can be matched to initial-state q → qγ * splittings. This permits one to study forward jet-tagging and central jet vetoes in the context of photon fusion.
IV.3. Triplet Scalar Pairs from gg Fusion
With the TypeIISeesaw libraries, it is possible to simulate the production of triplet scalars from loopinduced processes up to O(α s ). For the specific case of ∆ ++ ∆ −− pair production from GF, as shown in Fig. 1(c We find that our computations matches the results reported in Ref. [50] . In particular, we can identify the doublet-triplet Higgs couplings f 3 and f 4 in the scalar potential of Ref. [50] with our λ h∆1 and λ h∆2 parameters respectively. Given their benchmark values, Ref. [50] obtains an effective h∆ We do not report scale uncertainties at LO because processes initiated by gluon fusion are poorly approximated at LO, as detailed for example in Refs. [115] [116] [117] [118] . For the production of heavy, color-singlet states, however, soft gluon threshold resummation can capture the leading contributions to the total cross section normalization, as demonstrated for instance in Refs. [83, 119] 9 . Hence, in addition to the LO predictions obtained with MG5aMC, we also compute directly the soft-gluon threshold corrections for gg → ∆ ++ ∆ −− up to N 3 LL.
To do so, we follow very closely the calculation of Ref. [86] , which reports the same resummation for the heavy neutrino production process gg → N ν. The resummation is based on the SCET [79] [80] [81] threshold formalism developed in Refs. [85, 120] , works directly in momentum space [82, 84] , and uses the Born-level, partonic gg → ∆ ++ ∆ −− cross section given in Ref. [50] . Using the scale prescriptions of Ref. [82, 84, 86] , we are able to obtain a total normalization that captures the principle terms at NNLO in QCD. We thus match our PDF accordingly and adopt the NNLO set.
For each choice of m ∆ , we compute the N 3 LL K-factor and associated uncertainties. We then rescale the LO result of MG5aMC. Subsequently, we present in Fig. 3 , the ∆ ++ ∆ −− production rate via GF at N 3 LL. For the mass range m ∆ = 100 − 600 GeV (100 − 1300 GeV), we find that the GF rates, residual scale uncertainties, and K-factors at √ s = 14 (100) As described in Ref. [83, 86] , the sizable uncertainties associated with a calculation at this order of perturbation theory is an artifact of the scale choice in the resummation evolution factors. The precise scale choice aims to minimize further shifts in the total normalization by compensating for missing contributions from hard, initial state radiation with additional renormalizationgroup running. This leads to a large µ f dependence that can be reduced by matching to fixed-order computations.
In comparison to other ∆ ±± production modes, we find that the GF channel contribution is quite small. For our choice of doublet-triplet Higgs couplings, the GF rate is comparable to the AF rate for m ∆ 200 (500) GeV at √ s = 14 (100) TeV, but quickly falls below for higher masses. This rapid falloff can be attributed to the suppression of the gg luminosity at large invariant masses. We caution that our results are sensitive to our choice of doublet-triplet Higgs couplings. As shown in Eq. 4.15, using the inputs of Ref. [50] leads to an enhancement of the total rate by a factor of 4.
IV.4. Triplet Scalars from Weak Boson Fusion
We now discuss the ability to model VBF production of Type II scalars at NLO using the TypeIISeesaw libraries with MG5aMC. We focus on the channel pp → ∆ ± ∆ 0 jj, (4.19) which is shown in Fig. 1(e) and is mediated by samesign W ± W ± scattering. We do not consider the wellstudied, W ± W ± → ∆ ±± single production process as the ∆ ++ W ∓ W ∓ coupling is proportional to the vev ratio v ∆ /v 1, and is therefore suppressed. The treatment at NLO of ∆ ++ ∆ −− jj, as shown in Fig. 1(f) , requires care due to the presence of t-channel photon diagrams, and will be visited in a dedicated publication [121] .
Unlike more inclusive processes considered elsewhere in this work, our modeling of ∆ ± ∆ 0 jj production involves three subtleties. First, in this study, we consider all interfering diagrams at O(α 4 ). We do not make the commonly used Vector Boson Fusion Approximation, which takes into account only VBF diagrams, i.e., those characterized by the scattering of two t-channel EW bosons. Aside from gauge invariance concerns, such approximations are now known to poorly describe the kinematics of leading, sub-leading, and trailing jets [122] [123] [124] , which are crucial to identifying VBF signatures. Second, we apply generator-level phase space cuts in order to identify the VBF topology over the one of the interfering subprocesses. These include non-resonant diboson, nonresonant DY, and resonant ∆ ±± ∆ 0 W ∓ configurations. We emphasize that loose, generator-level cuts that mirror tight, analysis-level cuts are, as a rule, important for efficient MC event generation. Third, we work at NLO in QCD in order to reliably describe "third jet" kinematics after parton shower-matching. Doing so enables one to reliably impose a central jet veto, which in turn is crucial to reducing multiboson and top quark backgrounds.
The nuance of the above is our desire to also model a central jet veto. This requires one to start modeling predictions at NLO in QCD. However, within MG5aMC, phase space cuts for NLO(+PS) computations cannot be applied at the parton level. Cuts on partons are infrared (IR) unsafe and hence ill-defined in perturbation theory. Generator-level cuts are, on the other hand, necessary to suppress interfering diagrams at O(α 4 ) that must be accounted to reliably describe the event's jet activity.
Subsequently, we report developing a prescription for introducing generator-level, VBF cuts within MG5aMC. The method exploits the fact that jets in MG5aMC are defined using IR-safe hadron clusters. As long as care is given not to disrupt the cancellation of IR poles at O(α s ), then one can construct observables from IR-safe quantities and impose appropriate phase space cuts.
IV.4.1. VBF Cuts at NLO in MG5aMC
We now describe our procedure for imposing generatorlevel VBF cuts at NLO in MG5aMC for the process in Eq. 4.19. We start by using the usual commands,
to build the event-generation working directory. In the MG5aMC framework, generator-level cuts on kinematic observables are imposed in by the routines available from the file SubProcesses/cuts.f, right after a phase space point is populated by MC sampling. In this file, all finalstate, QCD partons are eventually passed through Fast-Jet [125, 126] according to some IR-safe sequential clustering algorithm. Clusters are promoted to jets if they further satisfy basic transverse momentum (p j T > p min T ) and pseudorapidity (|η j | < η max ) requirements. In our case, jets are defined as anti-k T clusters with, After building jets, MG5aMC evaluates the jet multiplicity of the event (njet). If an event contains fewer than the number of jets specified at the Born level or contains at least two more jets than at the Born level, then the phase space point is rejected. For Eq. 4.19, the Born jet multiplicity is two and events with fewer than two jets or more than three jets are rejected. We note that pathological phase space regions, such as resonant→ ∆ ±± ∆ 0 W ∓ production with W →forming a collimated cluster, are removed at LO by the njet cut.
At this point in SubProcesses/cuts.f, for phase space points satisfying njet>1 we impose on the two jets with highest p T (labeled j 1 , j 2 ) the following VBF cuts, Our precise additions to SubProcesses/cuts.f and affiliated files are provided in appendix C. For Born and virtual diagrams, Eq. 4.21 has the important effect of removing resonant W →splittings, which appear in diagrams such as Fig. 6(a) . These contributions dominate the EW process pp → ∆ ±± ∆ 0 jj at O(α 4 ) because of the W mass pole 10 . At NLO, however, the rejection of W →splittings is not guaranteed due to pathological phase space configurations. For example, at O(α s ), a high-p T initial-state radiation can push the parton-level, (qq ) system into a more collimated configuration, as shown in Fig. 6(b) . When QCD partons are sequentially clustered, this pair would be clustered while the gluon is clustered with only itself, resulting in njet=2. In turn, the invariant mass cut of Eq. 4.21 is applied to the three-parton invariant mass M (q, q , g), allowing the (qq ) system to go onto the W boson mass shell.
As resonant W bosons are not present at LO, the emergence of an on-shell W boson at O(α s ) is a new kinematic configuration and can lead to numerically giant K-factors [127] for production cross sections. Aside from numerical instabilities, this obfuscates perturbative convergence as well as the importance of QCD corrections to VBF rates, which are expected to be minor [128] [129] [130] .
To remove resonant W bosons at O(α s ), we introduce a phase space cut that vetoes the clustering of weak isospin partners. To do this, we rely on clusters having at most two QCD partons in njet=2 events. For such clusters, we check if the PDG identifiers of the two constituents (PID) correspond to weak isospin partners that would come from W boson decays, e.g., (c, s) pairs. Events possessing a cluster with isospin partners are rejected. This is equivalent to double flavor-tagging jets seeded by light constituents. Physically, the veto corresponds to imposing an upper bound on the p T of resonant W bosons. For a generic i → j + k splitting, the opening angle between j and k scales inversely with the Lorentz boost (γ) of the (jk) system,
(4.23)
As the cluster veto restricts isospin partners to be angularly separated by the jet radius parameter R, the veto effectively requires, for resonant W bosons,
For a non-resonant (jk) systems, the veto acts to also impose a minimum mass cut on clustered isospin pairs of
This would interestingly regulate s-channel poles if applied to collimated γ * →splittings. This prescription does not impact IR pole cancellations at O(α s ) because for our process such contributions are, by definition, njet=2 configurations with each jet containing one quark or one antiquark. Events with njet=2 with one jet containing both a quark and antiquark are hard, wide-angle emission configurations.
IV.4.2. Triplet Scalars from VBF at NLO
At both LO and NLO in QCD, we define the VBF contribution of the EW process pp → ∆ ±± ∆ 0 jj as the full O(α 4 ) process with jets defined according to Eq. 4.20, VBF cuts applied according to Eqs. 4.21-4.22, and the cluster veto of the previous section. For m ∆ ≈ 100 − 1000 GeV (0.1 − 6 TeV) at √ s = 14 (100) TeV, we present in Fig. 3 the VBF cross section at NLO, residual scale uncertainties, and QCD K-factor. For the mass range under consideration, these quantities span roughly σ In comparison to the CC DY channel, the VBF process rate is quite small for our benchmark choices of triplet self-couplings and doublet-triplet couplings. In particular, the ratio of the two cross sections at the two collider energies respectively span Most notably we find rather mild QCD K-factors that remain about K NLO ∼ 1 − 1.2 for triplet scalar masses at or around the EW scale, and that grow mildly to K NLO ∼ 1.3 − 1.4 for the largest masses considered at √ s = 14 TeV. The size of these corrections are consistent with having an admixture of finite, O(α s ) virtual corrections from DY-like (see above) and VBF-like topologies (see Refs. [128] [129] [130] ), and suggests a somewhat stable perturbative convergence with modest residual scale dependence. At √ s = 100 TeV, we observe that the K-factor drops to K NLO ∼ 0.9 − 1.1 for much of the mass range considered, but again grows to K NLO ∼ 1.3 − 1.4 for the largest masses considered. At both colliders, however, the largest K-factors are found when τ 0 = (2m ∆ ) 2 /s ∼ 0.1 − 0.2, indicating that these numbers may also be tied to sizable PDF uncertainties at momentum fractions near unity. The range of these Kfactors are comparable to those found in the production scalars in Georgi-Machacek models [131] and heavy neutrinos [93] from VBF at NLO.
To explore the stability of our computation and the robustness of imposing VBF cuts at NLO, we report in 
V. SUMMARY AND CONCLUSION
The canonical Type II Seesaw mechanism remains one of the best explanations for the origin of the tiny neutrino masses, and arguably is the leading candidate that does not require hypothesizing the existence of new fermionic states. In this regard, searches for the scalars predicted by the Type II Seesaw are well-motivated and remain an active component of the present and future collider search programs.
In this study, we investigate the production of doubly charged Higgs bosons (∆ ±± ) from a variety of leading production mechanisms at the √ s = 14 TeV LHC and a hypothetical √ s = 100 TeV VLHC. We systematically take into account QCD corrections using state-of-the-art formalisms. For most channels, this is the first presentation of cross sections beyond LO, and required the development of a new, publicly available, FeynRules model implementation of the Type II Seesaw, dubbed the TypeIISeesaw UFO libraries. The UFO encoding the new interactions is available from the URL feynrules.irmp.ucl.ac.be/wiki/TypeIISeesaw. In conjunction with MG5aMC, the new TypeIISeesaw UFO enables tree-induced processes to be simulated up to NLO+PS and O(α s ) loop-induced processes up to LO+PS. The construction of these libraries is described in Sec. II.
We report that for m ∆ = 100 − 2000 GeV, the CC DY (associated production), NC DY (pair production), and AF (photon fusion pair production) processes are the leading three production channels considered at √ s = 14 TeV. The same is found for m ∆ = 0.1 − 10 TeV at √ s = 100 TeV. At both colliders, the AF mode remains suppressed by about an order of magnitude with respect to DY production. However, in conjunction with a static jet veto of p Veto T = 20 − 50 GeV, the DY rates at NLO+NNLL(veto) and the AF rates are comparable, as detailed in Sec. IV.1. We find that state-of-the-art photon PDFs give a consistent and reliable description. However, as described in Sec. IV.2, some alternative options possess prohibitively large uncertainties with recommended central member PDFs are not always representative of central values of now-accepted photon PDFs.
Finally, the GF and VBF channels are subdominant compared to the AF mode. When accounting for QCD corrections up to N 3 LL, we find that the GF rate is comparable to the AF rate for lower triplet Higgs masses and our benchmark doublet-triplet scalar couplings, but that the rate quickly reduces at higher masses. For the GF channel, we report large QCD K-factors of K N 3 LL ∼ 2.5 − 3.1, which is consistent with K-factors at this accuracy in other gluon-initiated processes. Details are given in Sec. IV.4. Further below the GF rate is the ∆ ±± ∆ 0 jj VBF channel, which necessitates the implementation of important generator-level VBF cuts for a satisfactory modeling, as shown in Sec. IV.4. We find remarkable stability in the ∆ ±± ∆ 0 jj VBF channel, with NLO K-factors maintaining a stable K NLO ∼ 1−1.3. We attribute the modest normalization shifts to interfering DY-type diagrams. Further investigation of generatorlevel VBF cuts at NLO within MG5aMC is ongoing. 
Appendix A: Diagonalization of the scalar sector
In this appendix, we provide technical details to derivations in Sec. II. We first impose the minimization condition of the full scalar potential, which can reduce the number of degrees of freedom of the model by two:
where we have introduced the reduced parameters
As evident from the above relations, the triplet vev v ∆ is controlled by the µ h∆ parameter. It constrained to be below a few GeV [63] [64] [65] [66] and must satisfy
After electroweak symmetry breaking, the squared mass of the doubly charged scalar∆ ±± ≡ ∆ ±± reads
This allows us to trade m∆ for m ∆ ±± as a parameter.
In the (ϕ + ,∆ + ) basis, the squared mass matrix associated with the charged degrees of freedom is,
Such a matrix is diagonalized by the rotation of Eq. 2.10, so that the mass of the physical triplet-like ∆ ± field reads
Using this last equation, we promote the mass of the singly charged Higgs boson to an external parameter, making λ ∆2 internal instead.
In 
These two matrices can be diagonalized via the rotations of Eq. 2.8, so that the squared masses of the SM Higgs boson h and of the triplet states ∆ 0 and χ are given by
in which we have introduced the abbreviatioñ
Those expressions allow use to render the m h and m ∆ 0 masses external, instead of the λ h and λ h∆2 parameters. It can be seen that for v ∆ v, one recovers the wellknown sum rule
Name Strength Implementing the generator-level, VBF cuts on jets in MG5aMC, as described in Sec. IV.4.1 requires nontrivial modifications to several files within an event-generation directory of MG5aMC. In this appendix we describe the additions and modifications used to produce the results reported in Sec. IV.4.2. The structure of our changes has four components: (i) We implement a "tag and probe" protocol to veto any clustered, weak isospinpairs, e.g.(u, d).
(ii) We implement phase space restrictions (cuts) on the two highest-p T jets in an event. (iii) We turn-off hardcoded, change-of-variables routines in that are automatically called to optimize phase space integration when resonant particles appear in s-channels propagators. (iv) We use the minimum dilepton invariant mass variable mll and minimum dilepton separation variable drll to pass our M min jj and ∆η min cuts at runtime. This last modification is used to further improve the efficiency of our computations and is not necessarily needed to implement the VBF cuts.
We start by assuming that an event-generation directory has been generated with the usual commands, The boolean doVBFcuts is a global switch set by hand that activates/deactivates the following VBF cuts. The parameter vbfTiny is a tiny number used to protect against mis-cancellations between floating-point numbers. The quantities vbfMinNrJets, vbfMinMjj, and vbfMinDEtajj are, respectively, the minimum number of jets a phase space point must have, M min jj , and ∆η min . As two jets are always needed, we declare the parameter vbfMinNrJets=2. The file SubProcesses/cuts.f is where phase space cuts are applied and where a bulk of our additions and modifications are made. We start at around line 70 where we add the following local declarations: logical is_a_qqxPair, tmp_is_a_qqxPair integer jj,nrPairs,tmpPID double precision tmpMjj2,tmpPZjj double precision ppPairs(0:3,nexternal),m2Pairs(nexternal)
The boolean is a qqxPair is a flag to check if an event possibly possesses a weak isospinpair, and helps ensure that the cluster veto is not applied to events without weak isospin pairs. The number of pairs is denoted by nrPairs. The four-momentum and invariant mass (squared) of each weak isospin pair are stored by the arrays ppPairs and m2Pairs, Around line 171, just after the properties of the external particles with istatus=1 are investigated to check whether these particles include a QCD parton, we collect the four-momentum and invariant mass of each weak isospin pair in an event:
if(doVBFcuts) then nrPairs=0 is_a_qqxPair = .false. do i=nincoming+1,nexternal do j=i+1,nexternal tmp_is_a_qqxPair = .false. if(is_a_j(i).and.is_a_j(j)) then ! are i and j QCD partons? if(abs(ipdg(i)+ipdg(j)).eq.1) then ! is Delta Isospin = +/-1? tmpPID = max(abs(ipdg(i)),abs(ipdg(j))) if( mod(tmpPID,2) .eq. 0 ) tmp_is_a_qqxPair = .true. ! is u,c, or t? endif endif if(tmp_is_a_qqxPair) then tmpMjj2 = invm2_04(p(0,i),p(0,j),1d0) ! (i+j)^2 if(tmpMjj2.gt.0d0) then ! if m(ij)^2 > 0 is_a_qqxPair = .true. ! then at least one qqBar pair exists nrPairs=nrPairs+1 ! update counter m2Pairs(nrPairs) = tmpMjj2 ! collect mass do jj=0,3 ! collect momentum ppPairs(jj,nrPairs) = p(jj,i) + p(jj,j) enddo endif endif enddo enddo endif ! if(doVBFcuts)
In the same file, all QCD partons are eventually passed through FastJet for clustering at around line 290. Clusters are built according to the algorithm jetalgo with radius parameter jetradius, which are set in the file Cards/run card.dat. Likewise, jets are defined as clusters with p T greater than ptj and |η| smaller than etaj, which are also set in Cards/run card.dat, and the momentum of each jet is contained in the array pjet. We note that jet momenta contained by pjet are ordered in p T , such that for jets k and k + 1, one has p k T > p k+1 T . Immediately after this, MG5aMC checks if the number of jets njet is equal to the number of jets specified in the Born-level process (nQCD-1) or one more than this number (nQCD). In the present case, if njet is smaller than 2 or larger than 3, the phase space point is rejected. At this point, we impose generator-level, M min jj , and ∆η min cuts on the two highest p T :
if(doVBFcuts) then vbfMinMjj = mll vbfMinDEtajj = drll if((invm2_04(pjet(0,1),pjet(0,2),1d0).lt.vbfMinMjj**2) & .or.(njet.lt.vbfMinNrJets) & .or.(abs(eta_04(pjet(0,1))-eta_04(pjet(0,2))).lt.vbfMinDEtajj) & ) then passcuts_user=.false. return endif endif
As described at the beginning of this appendix, we pass the minimum dilepton invariant mass variable mll and minimum dilepton separation variable drll, which can both be set in Cards/run card.dat, to vbfMinMjj and vbfMinDEtajj in order to make our computations more efficient and more easily tunable. More specifically, setting mll non-zero has the consequence in the file SubProcesses/setcuts.f of modifying the lower limit of phase space integration over PDFs. Instead of integrating from a minimum kinematic threshold of Q 0 = min(p ∆ ++ + p ∆ −− + p j1 + p j2 ) = 2m ∆ + 2p j min T , the lower threshold is set appropriately to Q 0 = 2m ∆ + 2p j min T + M min jj . As the M min jj cuts we consider are quite stringent, this adjustment ultimately improves MC integration efficiency.
After imposing cuts on the two leading jets, we introduce the following at around line 310:
if(doVBFcuts.and.njet.eq.vbfMinNrJets.and.is_a_qqxPair) then do i=1,njet tmpMjj2 = invm2_04(pjet(0,i),pjet(0,i),0d0) if(tmpMjj2.gt.0d0) then do j=1,nrPairs tmpMjj2 = invm2_04(pjet(0,i),pjet(0,i),0d0) tmpMjj2 = abs(tmpMjj2 -m2Pairs(j)) tmpPZjj = abs(pjet(3,i) -ppPairs(3,j)) if(tmpMjj2.lt.vbfTiny .and. tmpPZjj.lt.vbfTiny) then passcuts_user=.false. return endif enddo endif enddo endif
The above imposes the veto on weak isospin partners that have been clustered together. We first check if the event possesses a pair of isospin partners (is a qqxPair.eq.true) and whether the event has an njet=2 or njet=3 topology; the clustering pathology outlined in Sec. IV.4.1 does not occur in njet=3 events. To identify if an isospin pair has been clustered, we compare the invariant mass and p z momentum of the isospin system to those of each jet. If the invariant mass and p z match, we tag the jet as a clustered weak isospin pair and reject the phase space point.
Our last set of changes are to the file SubProcesses/genps fks.f. This controls the population of phase space points in MG5aMC. In particular, the subroutine trans x near line 2206 effectively performs a change of variable on Bret-Wigner propagators to significantly improve MC integration efficiency for processes with s-channel resonances, such as the pp → ∆ ±± ∆ 0 W ∓ → ∆ ±± ∆ 0 jj subprocess. When activated, the MC integration over t-channel momentum transfers becomes much less efficiency. As we explicitly remove s-channel resonances with phase space cuts, we turn off these changes of variables. To do this, we introduce the following local declarations near line 2226:
integer tmpitype logical doVBFcuts parameter (doVBFcuts = .true.)
which are set independent of Source/cuts.inc. We then catch the change-of-variable flag itype, and bypass the change itself for the relevant cases with the following commands (and approximate line numbers LXXXX):
if(doVBFcuts.and.(itype.gt.2.or.itype.gt.7)) tmpitype=2 L2233 if (tmpitype.eq.1) then L2239 elseif (tmpitype.eq.2) then L2267 elseif(tmpitype.eq.3) then L2275 elseif(tmpitype.eq.4) then L2307 elseif(tmpitype.eq.5) then L2365 elseif(tmpitype.eq.6) then L2415 elseif (tmpitype.eq.7) then Event generation can then be steered with a script like the following: 
